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LETTER TO THE EDITOR 

Free fermionic elliptic reflection matrices and quantum 
group invariance 

R Cuemot and A Gonzftez-Ruiz$I[ 
t lnstihlto de Matemaricas y Ffsica Fundamental, CSIC Serrano 123. E28006 Madrid. Spain 
$ LPTHE, Tour 16, ler &age, Univeait6 Paris VI. 4 Place Jussies 75252 Paris Cedex 05, France 

Received 28 April 1993 

Abstract. Diagonal solutions for Ihe d e c t i o n  matrices associated to lhe elliptic R matrix of 
the eight-vertex frtz fermion model are presented. They lead b u b h  ihe second derivhive of 
the open chain Pdnsfer malrir: to an XY Hamiltonian in a magnetic field which is invarianl 
under a quantum deformed Clifford-Hopf algebra. 

~ 

A subject in mathematical physics which is gaining much attention is that of finding a 
quantum group-lie structure in which Baxter’s zero field eight-vemx (SV) matrix [ l ]  could 
act as an intertwiner (for a recent attempt see [Z]). Recently a solution has been found for 
the related case of the free-fermionic elliptic eight vertex matrix introduced in [3, 41: it 
appears as an inteawiner for the affinization of a quantum Hopf deformation of the Clifford 
algebra in two dimensions, CH,(Z) [5]. In the trigonometric limit this free-fermionic R 
matrix becomes the intertwiner of the quantum algebra Z+(gl(l, 1)) [6, 71, or can also be 
seen as the intertwiner for non-classical nilpotent irreducible representations of &(sf(Z)) 
for q4 = 1 and a = A, with A2 the eigenvalue of the casimir K Z  [S, 91. An integrable 
open chain Hamiltonian can be constructed for this trigonometric matrix [lo, 111 which is 
invariant under the &(sf(Z)) algebra in nilpotent imps [12] (see [13] for the analogous 
q3 = 1 case). 

In this letter we consider the open chain Hamiltonian associated with the elliptic free 
fermionic matrix R(u) (1) [3,4], U being the complex spectral parameter living on a torus. 
Elliptic K matrices will appear as solutions to the associated reflection equations [IO, 111, 
and analogously to the trigonometric case the associated open chain Hamiltonian will be 
invariant under the non-affine subalgebra of the bigger structure for which the R(u) matrix 
acts as an intertwiner. First we will introduce the relevant material on CH,(Z) and CH,(Z), 
and after working out the trigonometric (nilpotent) case to fix notation and procedure we will 
consider the elliptic one: by the use of the K matrices an integrable open chain Hamiltonian 
is constructed which is invariant under the quantum algebra CH,(Z). It is none other than 
an XY model in a magnetic field. For a different approach to its quantum group invariance 
see [14]. In all these free fermionic models (both in the trigonometric and elliptic cases) 
an analogous result is obtained TrK+(O) = 0. It forces us to define the Hamiltonian of 
the associated spin model through the second derivative of Sklyanin’s open chain transfer 
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mamx [l I]; only nearest-neighbour spins hull out to be coupled in conhast to what could 
be expected [15]. Some final comments are. also included. 

The most general solution for the elliptic free fermionic SV R matrix is, in the 
parametrization of [4]: 

~~ ~~ 

R" " - 1  - - e ( u ) e ( W e ( W  R;; = - e ( W e ( W  

(1) 
R:; = e(7hi) - e(u)e(@d 

RAY = R?; = (e(ll1) sn(W1%Wd sWd)'/'(l- e(u)) /sn(u/2)  

RG = R t  = -iG(e($l) sn(W)l/'(e(rlr2) sn(Jrz))'/2(1 -k e@))  sn(u/2) 

where e(u) is the elliptic exponentiak 

R;: = e ( W  - e(u)e(@z) 

e(u) = cn(u) + i sn(u) (2)  

k is the elliptic modulus and cn(u), sn(u) the Jacobi elliptic functions of modulus k. 
Hereafter we will set 

tl.1 =?hz=tlT. (3) 

The quantum deformed Clifford-Hopf algebra of dimension D = 2, CHq(2) [SI, is 
generated by r,, (p = x ,  y ) .  r3 and the central elements E ,  (p = x ,  y) satisfying the 
following relations: 

It is a Hopf algebra with the following comultiplication A, antipode S and counit e: 

NE, )  = E,, B n +  nB E,  S(E,,) = - E ,  €(E,)  = 0 
a(r,,) = r,, B q-EJ2 + q E - / 2 r 3  & r,, s(r,,) = rWr3 m,) = o  (5) 
~ ( r ~ )  = r3 B r3 sr3) = r3 6(r3) = I .  

A two-dimensional representation is labelled by two complex parameters 6 = (Az, A,) and 
is given by 

 IT^(^^) = uZ nt.(qEx) = A ~  nt(qEY) = A ?  
A 

where [ ~ j ] j = ~ , ~ , ~  are Pauli matrices. The (sort of) affine extension of this algebra, CHq(2), 
is generated by E:), r:), (i = 0.1) and r3 satisfying (4) and (5) for each value of 
i. Now a two-dimensional irrep zc of CH&) is labelled by three complex parameters 

- 
= (z. Ax, Ay) E C; which fulfill the following constraint: 

For further details see 151; In [5] equation (1) is shown to be the intertwiner between two 
irreps which satisfy (6) for the same value of k, with 

z2 = cn(@ + isn(p) 
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A,=tanhx,h,=tanhy 

tanh ( y) = en($) + isn($.) 

u = q 1 - ( 4  

&,&,h@) = Ae2a,(4&,c2 

i.e. one has 

Vu E CHq(2) 

for R(u) P R ( U ) ,  'P k i n g  the permutation matrix. 
Consider now the trigonometric limit of the elliptic matrix (1). 
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(7) 

en as 

with A = e'*, 0 = iiu. All Skylanin's requirements on symmetries (see [l l]  and (18)). 
are fulfilled with anisotropy fixed to q = kf2. The reflection-factorization equations for 
diagonal K+(B) mamces, the ones considered in this letter, are: ' 

I 2 
~ ~ ~ ( e ~  -w K- (e1)R12(e1 +ez) K- (82) 

= K- (e2)RI2(e1 +ez) K- (el)~12(e1.- w 
R ~ ~ ( - ~ I  +e2) K+ (e1)RI2(-el -e2 - 211) K+ (e2) 

= K+ (&)R12(-el - ez 

(9) 
2 1 

I 2 

2 I 
(10) K+ (el)~12(-e1 + M . 

Cherednik's solutions to these in the case of the 6v model are also valid for (8) with the 
mentioned requirement that q = n/Z. This implies in particular that 

TrK+(O) = 0 (11) 

which as anticipated makes it troublesome to define the open chain Hamiltonian through 
the standard formula [I 11: 

However, using (1 1) and the fact that 

(14) 
0 

Tro K+ (O)HNO = A 1  

where A is a constant, we can see that there still exists a well defined open chain Hamiltonian 
defined as [13]:. . ,  
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where t (u )  is Sklyanin's open chain transfer matrix, and 
T = Tr K;(O) 

For the case of (8) one gets the following Hamiltonians: 

where we have taken the standard limits a* + Etw in the arbitrary parameters appearing 
in the K&) matrices [16]. This leaves us with an XX model in a magnetic field which is 
invariant under Uq(sl(2)) transformations in nilpotent irrep h for q4 = 1, i.e. 

with g any generator of Uq(sZ(2)) in the nilpotent irrep A for q4 = 1 (see [17] for a treatment 
of general nilpotent closed chain spin models) and A(N) the comultiplication applied N times 
(for an N site chain). 

We now turn our attention to the elliptic R matrix (1). Taking +I = $2 = + it can be 
seen to have the following set of symmetries: 

[H, A'N)(g)] = 0 (17) 

R(O) = (1 - e(+)*)P 

(18) 
PR(u)P = R(u) = R'"(u) 
R(u)R(-u) = p ( u ) l  
R"(u)R"(-u +4K)  = G(u)l 

with p(u),  p(u) some unimportant scalar functions and K the complete elliptic integral 
of the first kind of modulus k. The most general diagonal solutions to the corresponding 
reflection equations (9), (10) are 
K-(u) = cn(;u) dn(iu) &ik'sn(;u) 

where k' is the complementary elliptic modulus kz + kn = 1, and we have used that 
K+(u) = K-(-u + 2K) solves (IO). Note that there is no dependence on arbitrary 
parameters. This seems to be the general case for elliptic R matrices; a dependence on 
an arbitrary parameter is expected, however, for non-diagonal K matrices [NI. Moreover 
the trigonometric limit of these matrices give us the ones that yield the quantum group 
invariant Hamiltonian (16). Note that we again have (11) and (14) even at the elliptic level. 
So, whereas the symmetry properties (18) enable us to construct the transfer matrix of an 
integrable open chain model la Sklyanin [ 1 I], we again have to resort to (15) to construct 
the comesponding spin Hamiltonian. In this case the solutions are given by 
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where h = cn(+), and r = ksn(+) .  (We have dropped in (19) a term proportional to the 
identity operator). (19) gives (16) in the trigonometric limit. The Hamiltonians in (19) arr 
invariant under CHq(2) transformations in representations labelled by 

(20) 

i.e. they fulfill commutation relations like (17) for g any genemtor of CHq(2) in the above 
representations. 

We have shown that the K matrices associated with the elliptic free fermion R matrix 
lead to an open chain Hamiltonian which is explicitly invariant under a quantum algebra 
Investigating a similar phenomenon would be interesting in the case of the zero field 8V 
model. Also it would be interesting to examine the implications of non-diagonal solutions 
for the K matrices in both cases. We have also found here the appearance of the conditions 

Tr K+(O) = 0 and Tr(K+ ( 0 ) H ~ o )  = AU at the elliptic level. In the trigonometric case they 
can be interpreted in terms of quantum group representation theoretical terms [19, 201. It 
would be interesting to find the explanation for the elliptic occurrence of the same conditions. 
In this connection it would also be of interest to find some ‘gauge transformation’ which 
would gauge out the U dependence from the elliptic K matrices [21], while taking R(u) 
(1) to a baxterized form [22]. Finally the algebraic Bethe anstaz [ l l ]  for the elliptic open 
chain described here would also be of interest, as well as a detailed study of the algebraic 
‘contraction’ involved in the trigonometric limit CHq(2) -+ Uq(gl(l, 1)). We hope to report 
on these matters in future publications. 

RC is pleased to thank A Berkovich, C G6mez, E Upez and G Sierra for discussions 
and encouragement. AGR thanks the CNRS, Universit6 Paris VI for the kind hospitality 
extended to him and U J de Vega for valuable discussions. The research of both authors is 
supported by the Spanish Ministry of Education and Science through predoctoral fellowships 
PN89-11798388 (RC) and AP90-02620085 (AGR). 

cn(+) f iK sn(+) 
1 + k sn(+) 

&I(+) iz iK sn(+) Ax = Ay = 
1 - k sn(+) 

0 
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for the ordinary Laguerre functions. 
By taking p = 0 and restricting to analytic functions, one obtains from (5) a 

representation bounded below. Using f, = z"' with m E Z+ as basis vectors, the matrix 
elements of U ( E ,  p)  now defined by 

are simply obtained by setting p = 0 in (15). Since for U integer, LLA)(x; p , q )  is a 
polynomial of order v ,  the matrix elements Ukn (E, p )  are here expressed in terms of ( p ,  4 ) -  
Laguerre polynomials. A generating function for these polynomials can also be obtained. 
It reads . ,  . .  

This is a ( p .  q)-analogue of the relation [6] 

W 

e-"(l -I- zy = C~f-"(or)z~ 
k=O 

for ordinary Laguerre polynomials to which (22) re when p .  q + 1. 
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